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Abstract
In this note, we address the local well-posedness for the active scalar equation ∂tθ + u · ∇θ = 0, where
u = −∇⊥(−∆)−1+β/2θ. The local existence of solutions in the Sobolev class H1+β+ǫ, where ǫ > 0 and
β ∈ (1, 2), has been recently addressed in [9]. The critical case ǫ = 0 has remained open. Using a different
technique, we prove the local well-posedness in the Besov space B1+β2,1 , where β ∈ (1, 2). The proof is
based on log-Lipschitz estimates for the transport equation.
1. Introduction
We address the problem of local existence of solutions for the family of active scalar equations
∂tθ + u · ∇θ = 0 (1.1)
where the drift velocity u is obtained from the scalar θ through a singular integral operator u = M(θ).
Equations of that type have been recently the focus of interest, motivated by the ubiquity of physical
contexts in which such equations arise. In [5] (see also [3], [4] and [9]) the authors introduce a family of
equations of the type (1.1) with
u = ∇⊥ψ
∆ψ = Λβθ (1.2)
where Λ = (−∆)1/2 is a Caldero´n-Zygmund operator defined as a Fourier multiplier with the symbol |ξ|
and ∇⊥ψ = (−∂2ψ, ∂1ψ). Equation (1.1) together with (1.2) reduces to the Euler equation [2] in vorticity
formulation when β = 0, whereas for β = 1 we obtain the non-dissipative surface quasigeostrophic
equation (SQG) [6]. For β = 2, the equation bears resemblance with the non-dissipative magneto-
geostrophic equation [7]. In this note we are concerned with the local existence of solutions for (1.1)–(1.2)
with 1 < β < 2. In particular, note that the drift velocity is more singular than in the case of SQG.
In [5], the authors establish the local wellposedness of (1.1)–(1.2) in Sobolev spacesHm with an integer
m ≥ 4. The proof is based on the use of the anti-symmetry of the nonlinearity and a commutator estimate
in Sobolev spaces with low (negative) regularity. In [9], the authors note that from the formulation of (1.1)
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it seems that the optimal space for existence of solutions should be the space which yields a uniformly
Lipschitz velocity field u. From Sobolev embedding we then obtain that a sufficient condition for u to
be in the desired class is θ ∈ H1+β+ǫ, where ǫ > 0 is arbitrary. Moreover, since the considered equation
is not equipped with any regularizing effects, the regularity of initial data should be preserved at least
locally in time thus it appears that for local well-posedness we only require that θ0 ∈ H
1+β+ǫ. The proof
is based on a new commutator estimate, improving the estimates presented in [5]. The local existence of
solutions in the critical space H1+β has remained an open problem.
In this note we address the existence of local solutions in the Besov spaces with critical regularity,
namely B1+β2,1 . Our proof is based on the log-Lipschitz estimate for the transport equation rather than
the use of usual commutator estimates.
2. Preliminaries
For the sake of clarity of notation let us briefly recall the diadic decomposition of the frequency space
R
n. Let φ, ψ ∈ S(Rn) be two radial functions with supports in Fourier space
supp φ̂ ⊂ {ξ : |ξ| ≤ 4/3}, supp ψ̂ ⊂ {ξ : 3/4 < |ξ| < 8/3},
and with the property that
φ̂(ξ) +
∑
j≥0
ψ̂(2−jξ) = 1
for all ξ ∈ Rn. The existence of such functions is a classical result and we refer the reader to [1] (or other
similar sources) for more details.
In order to isolate the interactions of different Fourier modes, we define the Littlewood-Paley projec-
tions ∆j for j ∈ Z as follows
∆jf(x) =


0 if j ≤ −2∫
Rn
φ(y)f(x− y) dy if j = −1
2jn
∫
Rn
ψ(2jy)f(x− y) dy if j ≥ 0
For j ∈ Z the operator Sj is the sum of ∆k with k ≤ j − 1, that is
Sjf(x) = ∆−1f(x) + ∆0f(x) + . . .+∆j−1f(x) =
∫
Rn
φ(2jy)f(x− y) dy.
It is by now a classical result that for any tempered distribution f we have Sjf → f in the distributional
sense as j →∞.
For any s ∈ R and p, q ∈ [1,∞], the Besov space Bsp,q consists of all tempered distributions f ∈ S
′(Rn)
such that the sequence {2js‖∆jf‖Lp} is summable in the sense of ℓ
q(Z) with the obvious modification in
the case ℓ∞(Z).
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3. The main result and the commutator estimate
Let β ∈ (1, 2). we consider the problem (1.1)–(1.2) with initial data
θ(x, 0) = θ0(x). (3.3)
The main result of this note is the following
Theorem 3.1. Let θ0 ∈ B
1+β
2,1 (R
2). There exists T = T (‖θ0‖B1+β
2,1
) > 0 and a unique solution θ ∈
C([0, T ], B1+β2,1 (R
2)).
In order to prove our main result, we first recall a commutator estimate and an embedding lemma
(cf. [10]).
Let α ∈ [0, 1]. As in [10], we introduce the space LLα of bounded functions on R
n such that
‖f‖LLα = ‖f‖L∞ + sup
0<|x−y|≤1
f(x)− f(y)
|x− y|(1− log2 |x− y|)
α
<∞. (3.4)
We set LL = LL0.
Lemma 3.2. Let j ≥ −1 be an integer and p, q ∈ [1,∞]. Assume that f ∈ Lp(Rn) is a scalar function
and u ∈ LL1/q′(R
n) is a vector valued function, where q′ is the conjugate of q. We have
‖Sj−1u · ∇∆jf −∆j(u · ∇f)‖Lp ≤ C2
j‖u‖LL1/q′
∑
j′≥j−M
2−j
′
(j′ + 1)1/q
′
‖∆j′f‖Lp ds,
for some universal constant M > 0.
We also need the following embedding lemma for the proof.
Lemma 3.3. Let p, q ∈ [1,∞] and sp = n where n is the dimension. There exists a constant C > 0 such
that
‖f‖LL1/q′(Rn) ≤ C‖f‖B1+sp,q (Rn). (3.5)
where q′ is the conjugate of q.
Proof of Theorem 3.1. Here, we restrict the proof to the a priori estimate. The actual proof of existence
is a result of a standard approximation procedure. Let j ≥ −1. We apply the Littlewood-Paley projection
∆j to both sides of (1.1) and get
∂t∆jθ + Sj−1u · ∇∆jθ = Sj−1u · ∇∆jθ −∆j(u · ∇θ). (3.6)
Multiplying the above equation by ∆jθ and integrating it, we obtain
1
2
d
dt
‖∆jθ‖
2
L2 +
∫
Sj−1u · ∇∆jθ∆jθ dx =
∫
(Sj−1u · ∇∆jθ −∆j(u · ∇θ))∆jθ dx. (3.7)
We apply Ho¨lder’s inequality to the term on the right side of the above equation in order to deduce
d
dt
‖∆jθ‖L2 ≤ ‖Sj−1u · ∇∆jθ −∆j(u · ∇θ)‖L2 , (3.8)
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where we used the fact ∫
Sj−1u · ∇∆jθ∆jθ dx = 0. (3.9)
due to the divergence-free condition of u. Integrating over time and using Lemma 3.2 gives
‖∆jθ‖L2 ≤ ‖∆jθ0‖L2 +
∫ t
0
‖Sj−1u · ∇∆jθ −∆j(u · ∇θ)‖L2 ds
≤ ‖∆jθ0‖L2 + C
∫ t
0
2j‖u‖LL
∑
j′≥j−M
2−j
′
‖∆j′θ‖L2 ds, (3.10)
from where by the discrete Young inequality we further get
‖θ‖B1+β
2,1
≤ ‖θ0‖B1+β
2,1
+ C
∫ t
0
‖u‖LL
∑
j
∑
j′≥j−M
2(2+β)(j−j
′)2j
′(1+β)‖∆j′θ‖L2 ds,
≤ ‖θ0‖B1+β
2,1
+ C
∫ t
0
‖u‖LL‖θ‖B1+β
2,1
ds. (3.11)
Applying Lemma 3.3 with q′ =∞ and p = 2, we obtain
‖u‖LL ≤ C‖u‖B2
2,∞
≤ C‖u‖B2
2,1
.
By Bernstein’s inequality, we have
‖u‖B2
2,1
=
∞∑
j=−1
22j‖∆ju‖L2 =
∞∑
j=−1
22j‖∆j∇
⊥(−∆)−1+β/2θ‖L2
≤ C
∞∑
j=−1
2j(1+β)‖∆jθ‖L2 = C‖θ‖B1+β
2,1
. (3.12)
Note that this yields
‖θ(·, t)‖B1+β
2,1
≤ ‖θ0‖B1+β
2,1
+ C
∫ t
0
‖θ‖2
B1+β
2,1
dτ.
By Gro¨nwall’s inequality we obtain
‖θ(·, t)‖B1+β
2,1
≤ C‖θ0‖B1+β
2,1
exp
(
C
∫ t
0
‖θ(·, τ)‖B1+β
2,1
dτ
)
(3.13)
Denoting by V (t) =
∫ t
0
‖θ(·, τ)‖B1+β
2,1
dτ , we find
V (t) = C
∫ t
0
‖θ(·, τ)‖B1+β
2,1
dτ ≤ Ct‖θ0‖B1+β
2,1
exp(CV (t)). (3.14)
Since V (t) depends continuously on t and V (0) = 0, there exist C0, η > 0, such that
Ct‖θ0‖B1+β
2,1
≤ η, then CV (t) ≤ C0. (3.15)
This, combined with (3.13) gives
‖θ(t)‖B1+β
2,1
≤ C‖θ0‖B1+β
2,1
(3.16)
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for t ∈ [0, T ] for some T > 0 (see [8]). We point out that (3.15) implies that the time of existence is
bounded from below
T > (C‖θ0‖B1+β
2,1
)−1. (3.17)
This completes the proof. 
Acknowledgments. W.R. was supported in part by the NSF grant DMS-1311964 while F.W. was supported in part by
the NSF grant DMS-1311943.
References
[1] H. Bahouri, J. Chemin, R. Danchin, Fourier Analysis and Nonlinear Partial Differential Equations,
Grundlehren der Mathematischen Wissenschaften 343 (Springer, 2011).
[2] A. Bertozzi, A.J. Majda, Vorticity and Incompressible Flow. Cambridge Texts Appl. Math., vol. 27,
Cambridge University Press, Cambridge, 2002.
[3] D. Chae, J. Wu, Logarithmically regularized inviscid models in borderline Sobolev spaces. J. Math.
Phys. 53 (11) (2012) 115601, 15.
[4] D. Chae, P. Constantin, J. Wu, Inviscid models generalizing the two-dimensional Euler and the
surface quasi-geostrophic equations. Arch. Ration. Mech. Anal. 202 (1) (2011) 35–62.
[5] D. Chae, P. Constantin, D. Co´rdoba, F. Gancedo, J. Wu, Generalized surface quasi-geostrophic
equations with singular velocities. Commun. pure Appl. Math. 65 (8) (2012) 1037–1066.
[6] P. Constantin, A.J. Majda, E. Tabak, Formation of strong fronts in the 2-D quasigeostrophic thermal
active scalar. Nonlinearity 7 (6) (1994) 1495–1533.
[7] S. Friedlander, W. Rusin, V. Vicol, The magneto-geostrophic equations: a survey. Proceedings of the
St. Petersburg Mathematical Society, Volume XV: Advances in Mathematical Analysis of Partial
Differential Equations. (2014) D. Apushkinskaya, and A.I. Nazarov, eds., 53–78.
[8] T. Hmidi, S. Keraani, Global solutions of the super-critical 2D Q-G equation in Besov spaces. Adv.
Math. 214 (2007), 618–638.
[9] W. Hu, I. Kukavica, M. Ziane, Sur l’existence locale pour une e´quation de scalaires actifs. C. R.
Acad. Sci. Paris, Ser. I 353 (2015), 241–245.
[10] M. Vishik, Hydrodynamics in Besov spaces. Arch. Rational Mech. Anal. 145 (1998), 197–214.
5
